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ABSTRACT

In this work we used a previous theory [R. Morgado, F.A. Oliveira, G.G. Batrouni, and A. Hansen, Phys. Rev. Lett. 89, 100601 (2002)]
to explain and resolve the non-stationary diffusive problem studied by Srokowski [T.E. Srokowski, Phys. Rev. Lett. 85, 2232 (2000);
Phys. Rev. E 64, 31102 (2001)]. In order to do that, we have used the generalized Langevin’s formalism to develop a computational
algorithm and treat the problem numerically. To confirm the result of the method, an analytical alternative utilizing the final value
theorem for Laplace transforms was derived and both results were compared. After all, it was presented a final characterization to the
anomalous diffusive system in question through the calculation of some parameters like correlation function, diffusion coefficient and
mean square displacement.
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1 INTRODUCTION

Diffusion is one of the fundamental mechanisms for transportation
of energy, mass and information. In many physical systems, this
process is the main way to achieve the equilibrium and it is worth
mention that this issue has been the focus of extensive research in
various branches of science. However, there are still many open
questions concerning this matter, especially in systems which are
outside the state of equilibrium or those in which it is verified the
existence of anomalous diffusion [1].

The study of systems with memory reveals some physical
phenomena that are still not well understood. In this paper, we
studied a problem in anomalous diffusion proposed by Srokows-
ki [2]. In his work, Srokowski studied a Brownian motion, which
presented a anomalous dynamic due to a memory function gi-
ven by Eq. (14). Comment on this work have been done [3],
however no solution have been presented up to now for this pro-
blem. Our objective in this work is to present a clear descrip-
tion of the problem. In order to do that, we derived a numerical
method to obtain the correlation function of velocities for an en-
semble of particles from any given memory as long as the diffusive
process in question can be described by a Generalized Langevin
Equation (GLE).

The structure of the paper is constructed as the following: in
Section 2 we will present an analytical way of getting a correla-
tion function from a memory function; in Section 3 we describe in
details the numerical approach developed to obtain the response
function; in Section 4 the methods proposed to will be applied to
the diffusive system studied by Srokowski [2]; and finally, in Sec-
tion 5 there will be a brief summary of the main results obtained.

2 GENERALIZED LANGEVIN EQUATION
AND DIFFUSION

The GLE is a stochastic differential equation which can be used
to model systems driven by colored random forces. Those kind
of systems are not unusual and it is possible to find them in
many areas, such as the dynamics of dipolar [4], polymeric
chains [5, 6, 7, 8, 9], metallic liquids [10], Lennard Jones li-
quids [11], diffusion in periodic potentials [12], ratchet devi-
ces [13, 14], and synchronization [15, 16, 17].

This equation can be written for a given operator A(t) as:

d A(t)

dt
= −

∫ t

0
0(t − t ′)A(t ′)dt ′ + ξ(t), (1)

where 0(t) is the retarded friction kernel of the system, or the
memory function. Here, ξ(t) is a stochastic noise subject to the

conditions 〈ξ(t)〉 = 0, 〈ξ(t)A(0)〉 = 0, and

Cξ (t) = 〈ξ(t)ξ(0)〉 = 〈A2(t)〉0(t), (2)

where Cξ (t) is the correlation function for ξ(t) and the angular
brackets denote an average over the ensemble of particles. Equa-
tion (2) is the famous Kubo’s Fluctuation Dissipation Theorem
(FDT) [18] and is quite general.

The GLE models the non-Markovian movement of a particle
with mass m moving up in a fluid of time dependent viscosity
0(t), subject to a force of friction proportional to the speed (first
term on the right side, connected to the dissipation) and a random
force in time (second term, connected to the fluctuation). The ran-
dom force stems from the impact with other particles of the fluid
in which it is submerged. Moreover, the presence of the kernel
0(t) allows us to study a large numbers of correlated proces-
ses. In the real world, the vast majorities of problems are non-
Markovian, i.e., there is correlation between the various stages of
dynamic evolution, and thus the particles are able to do a next
action based on any previous history. This property is what we
call memory and it makes remote events of the past important to
dynamic events in present.

Notice that if A(t) is the momentum of a particle with unit
mass,

x(t) =
∫

A(t)dt, (3)

will be its position. Using this definition it is possible to study the
asymptotic behaviour of its second moment,

lim
t→∞

〈x2(t)〉 ∼ tα, (4)

to characterize the type of diffusion presented by the system.
For α = 1 we have normal diffusion and limt→∞ D(t) =
constant. Here, D(t) is the diffusion coefficient as a function
of time. For α 6= 1 we have anomalous diffusion: if α < 1
then limt→∞ D(t) = 0 and the motion is subdiffusive; if
α > 1, limt→∞ D(t) = ∞, and the motion is superdiffu-
sive. Equation (4) is a generalization of Einstein’s relation for the
mean square displacement of an ensemble of particles and it will
be widely used in this work.

To characterize the diffusion phenomena, it will be discussed
the behaviour of the correlation function

R(t) =
〈A(t)A(0)〉

〈A(0)A(0)〉
, (5)

from which we can describe most of the diffusion processes of in-
terest. This function is normalized to enable control of the initial
value of it when numerical calculus is needed.
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Using the previous conditions for the noise, it is possible to
obtain a self-consistent equation for R(t). It can be made multi-
plying both sides of Eq. (1) by A(0) and taking the average over
the ensemble. This equation is given by

Ṙ(t) = −
∫ t

0
0(t − t ′)R(t ′)dt ′ (6)

and it is important because it can be resolved numerically in or-
der to get the correlation function, diffusion coefficient and the
mean square displacement. Those parameter are the main way to
characterize a diffusion. If we then apply the Laplace transform to
Eq. (6), we get

R̃(z) =
1

z + 0̃(z)
. (7)

It is possible to obtain plenty of information concerning the
asymptotic behaviour of the system [1, 18, 19, 20], taking the
Laplace transform of the correlation function through the memory
function of the system. Unfortunately, in some cases it is not so
easy to inverse this transform. In those situations, using numeri-
cal methods is a good alternative to overcome this problem.

Despite the difficulty of getting the exact analytical equation
of the correlation function from a given memory, there is a way
to calculate its final value, using the final value theorem (FVT) for
Laplace transforms, which is

lim
t→∞

D(t) = lim
z→0

z D̃(z). (8)

If we combine this equation with the Kubo’s definition for the
diffusion constant [21],

D(t) ∼
∫ t

0
R(t)dt, (9)

we get the equality

lim
t→∞

D(t) = lim
z→0

R̃(z). (10)

This equation is very powerful. It gives the final value of the diffu-
sion coefficient, using just the Laplace transform of the memory
function as input in Eq. (7). This kind of approach is important to
verify the solution obtained with the numerical method, since it is
a very strong form of getting an analytical characterization for any
diffusive system.

3 NUMERICAL APPROACH

In order to describe diffusive systems with memory that implies
non-inversive correlation functions, it is possible to calculate

Eq. (6) numerically. To do this, firstly it is necessary to rewrite
this equation into a discrete form. From Eq. (1) we obtain

R(t + 1t) =

= −1t
∫ (t+1t)

0
0(t + 1t − t ′)R(t ′)dt ′ + R(t).

(11)

This expression is not so easy to manipulate. To put it into a more
clear way, it is possible to resolve part of the integral above and
then to expand it until the second order term in 1t to obtain

R(t + 1t) =
(1 − σ)

(1 + σ)
R(t) −

1t

(1 + σ)
I (t), (12)

where σ = 0(0)1t2/2, and I (t) is given by

I (t) =
∫ t

0
0(t − t ′)R(t ′)dt ′. (13)

The convolution integral above is a very important part of Eq. (12),
and the numerical algorithm will spent most of time calculating its
values for every increment 1t . This iterated function is the ba-
sis of the algorithm which generates the numerical values of the
correlation function of velocities for an ensemble of particles with
a given memory. From these values, its possible to get the dif-
fusion coefficient through Eq. (9), and then one can characterize
completely the type of diffusion of any diffusive system, i.e. one
can determine the diffusive exponent α.

4 RESULTS

At this point, it is interesting to apply the presented numeri-
cal method to analyze the memory function proposed by Sro-
kowski [2], which is a two-step retarded friction kernel written as

0(t − t ′) =

{
1/ε t ≤ ε

1/t t > ε
, (14)

where ε is an arbitrary small number. For this kernel, the
author studied both the formal solution and a Monte Carlo method
known as the Kangaroo process. He computes the velocity cor-
relation function and concludes that the diffusion constant is fi-
nite for normal solution and infinite for the Kangaroo process. It
means that the diffusion of a system with the memory proposed
should be characterized as normal or superdiffusive. Even though
Srokowski’s methods sound interesting, his results for diffusion
constant are however not appropriate.

It is well known that long range correlation functions may in-
duce anomalous behaviour, such as delayed fracture [5, 7], meta-
stability in nucleation [6, 22], and anomalous reaction rate [23].
However, it may not induce infinite diffusion where it does not
exist or an unrealistic constant as in the present case.
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Analyzing the process with the analytical development pre-
sented in previous sections, we can take the Laplace transform of
the memory function exposed in Eq. (14). Thus, we obtain

0̃(z) =
1 − e−εz

εz
+ Ei(εz), (15)

with the integral exponential function Ei(εz) defined [24] as the
series:

Ei(x) = γ + ln(x) +
∞∑

n=1

xn

n! n
, (16)

where γ is the Euler-Mascheroni constant.
Using Eq. (7) and (10) it is possible to obtain the analytical

result of the diffusion coefficient for the system in discussion. For
that, we use z → 1/t , ε = 0.01, and Eq. (15) for values of
x < 0.01. So, we have

D(t) ∼
1

k + ln(t)
, (17)

where k is a constant given by k = 1 + Ei(0.01) = 5.0379.
Equation (17) is the final form of the decaying curve for the

diffusion coefficient. So, we can just compare some other result
with this one in a certain scale of time which is long enough to
be approximated as infinite or when the system analyzed has al-
ready entered in the stationary regime. Now, if we apply the limit
limt→∞ D(t) to Eq. (17), we find that the diffusion coefficient
goes to zero as the time goes to infinite. This limit characterizes
the subdiffusive anomalous diffusion and it goes against the re-
sult found by Srokowski. To confirm the analytical result derived
here, we applied the numerical method developed for the memory
in question.

Figure 1 – Diffusion coefficient as a function of time. The upper curve is the
numerical result while the lower one is obtained through the FVT. A time scaling
in the form t ′ = λt can transform one curve in the other.

In Figure 1 we plot the diffusion coefficient D(t) as a func-
tion of time. The curve corresponding to numerical development
was calculated with Eq. (12), for ε = 0.01, 1t = 10−5. It is
important to mention that to use the FVT correctly, it is necessary
to explicit the decaying form of the curve in question. The Laplace
transform decays, for this case, with a law given by z → 1/t . It
is a nice surprise that the FVT agrees with the numerical calcu-
lation, since it is a theorem only for the final result. We fit the
numerical results using the Eq. (17) to obtain the numerical va-
lue knum = 5.8188. The difference between the numerical and
analytical results is an important point about the method, indeed
the FVT works both for z = 1/t or z = λ/t , where λ is a cons-
tant. Unfortunately only the numerical calculation will provide us
λ. Now, if we use z = λ/t and we derive again Eq. (17) we get
k − ln λ = knum or λ = 0.46, with that correction we get the
right analytical limit, i.e. both curves colapse into a single one.

In Figure 2 we display the mean square displacement <

x2(t) > as function of time t . After the small range of transi-
ent regime, the diffusion appears to be normal, since it has a very
slow decaying of the diffusion constant and the curve appears to
be a line. However, the ln(t) in Eq. (17) will make the motion
subdiffusive in all range studied, because the limit of this func-
tion is zero when the time goes to infinite. Despite the difficult of
characterize this case as a usual power law, it was made a nonli-
near fitting of the curve in the interval analyzed. The result of this
proceeding was a diffusion exponent α ∼ 0.9. It means that ac-
cording with this other approach, the system is still subdiffusive,
and it confirms our result one more time. This somehow shows
the limit of fitting, since it is very difficult that the ln(t) will appear
without some previous theory.

Figure 2 – Mean square displacement as a function of time. After the transient
time, which is shown in detail, the curve displays a subdiffusive process.
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5 CONCLUDING REMARKS

In this work we studied the non-stationary diffusive system pro-
posed by Srokowski [2]. He had obtained by numerical integra-
tion a superdiffusion, while using the Kangaroo process he obtai-
ned a normal diffusion. In this work, it was developed a numeri-
cal method to analyze some anomalous diffusive processes which
have non-inversive correlation function of velocities. The final va-
lue theorem for Laplace transforms was also utilized to construct
an alternative way to treat problems like this one, for the asymp-
totic behavior. After all, the results from both methods display
a subdiffusive motion, which is a very different result of that of
Srokowski. We compare as well the result of the diffusive co-
efficient D(t) for large times, and it was found the time sca-
ling factor (λ) that adjusts both results. I.e. if we use the scale
transformation t ′ = λt , it corrects the asymptotic result of the
Laplace transform, and the numerical and analytical results col-
lapse into one.

It was also verified that the final value theorem agreed with
a very great accuracy with the numerical calculation proposed.
This is an important and surprising result because the FVT is ri-
gorously valid only in a infinite time. In this way, we overcame
an old problem existing in literature. An essential concluding re-
mark that should be done is that diffusion is still a modern field
of research and it involves problems such as dispersion of crum-
pled wires [25], the validation of the fluctuation-dissipation theo-
rem [18], general properties of the correlation function [19], ergo-
dic hypothesis [19], entropy [20], and the Khinchin theorem [26].
The research of correlated phenomena, such as growth, which is
the dispersion of a height with specific scaling rules [24], will be
improved with a better understand of diffusion.
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