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ABSTRACT

Cutting and packing problems appear in many industrial settings where larger pieces are cut into smaller ones in order to produce
items or products that are required by other industries or customers, e.g., paper, steel and fiber industries. A solution for the cutting
problem consists in determining a group of patterns and their frequencies, that is, the number of times that a pattern is cut to supply the
demand. Cost of the production may be dependent on the pattern changes, because they might require time and people to prepare the
equipment. This work introduces a heuristic method/approach that produces a solution to the one-dimensional cutting stock problem
with a reduced number of different patterns in the solution. The heuristic method proposed begin separating the items in two disjointed
groups, according to their demands. Patterns are generated with items of these groups and those with limited waste are accepted.
A residual problem is solved with items whose demands are not satisfied and, with the solution obtained, we apply a pattern reducing
procedure of the literature.

Keywords: cutting stock problem, computational heuristic method, pattern reduction procedure, linear programming.
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1 INTRODUCTION

Suppose that there exist n items with length li and demands
di that should be cut from objects in stock with length L and
cost equal to c j for j ∈ J , where J is the set of indices of all
the feasible patterns. We assume without loss of generality that
c j = 1, ∀ j ∈ J . The problem consists of minimizing the
amount of times that each pattern should be used so that all of the
items have their demands completely satisfied. The cutting stock
problem can be formulated as follows:

MINIMIZE : f (x) =
∑

j∈J

x j (1)

SUBJECT TO :
∑

j∈J

ai j x j ≥ di i = 1, . . . n (2)

n∑

i=1

ai j li ≤ L , ∀ j ∈ J (3)

ai j ∈ N , x j ∈ N , i = 1, . . . , n,

∀ j ∈ J (4)

The imposition of integrality on the variables x j makes the
problem difficult to solve compared to the case where such cons-
traints are not present. In addition, the total number of different
patterns increases greatly when n (the number of different item
types) increases. The cardinality of set J can easily reach the or-
der of millions already for a dozen of item types depending on
the item sizes. Gilmore and Gomory [6], [7] propose to solve
problem (1)-(4) by the Simplex Method with Column Genera-
tion after relaxing the integrality constraints on variables x j . The
columns that must satisfy (3), (4) are generated when required;
there is no need to determine all the possible patterns. An inte-
ger solution for the problem is obtained afterwards by applying
rounding techniques found in the literature (see Poldi [13]) to the
solution obtained with the linear relaxed problem.

In this work we propose a heuristic method to solve the one-
dimensional cutting stock problem considering also as objective,
the minimization of the number of patterns in the solution. In real
cutting settings, a reduced number of different patterns is often
desired, mainly when this also implies reductions in costs. There
is not much work in the literature that considers the pattern reduc-
tion problem.

Haessler [9] proposed the use of a SHP (Sequential Heuris-
tic Procedure ), a repeated pattern exhaustion technique, in which
a pattern is selected if it satisfies aspiration levels for the waste
and frequency. In each iteration, a pattern is selected if it satis-

fies the aspirations levels. Its frequency is determined by cutting
it as much as possible without overproducing any of the items.
The process is repeated until there are no more demands to be
satisfied.

Farley and Richardson [4] consider a pattern minimization
problem as a fixed charge problem, with an objective composed
by the sum of the costs of the patterns and of the setups corres-
ponding to the different patterns.

Foerster and Wascher [5] proposed the KOMBI, an extension
of the pattern minimization method proposed by Diegel et al. [1]
based on the combination of 2, 3, 4 or more patterns of a solu-
tion for the cutting problem. The procedure maintains constant
the total number of objects processed by ensuring that the sum of
the frequencies of the resulting patterns has to be the same as the
sum of the frequencies of the initial combined patterns.

Umetami et al. [15] proposed the Iterated Local Search Algo-
rithm (ILS), which that fixes the total number of different patterns
and searches for a solution that minimizes the quadratic deviation
of the items produced in relation to the demand. The algorithm
generates a solution in the neighborhood of an initial solution
obtained by perturbing one pattern at a time of the current set of
patterns. The frequency of the new pattern is obtained by solving
an auxiliary linear programming problem.

Yanasse and Limeira [17] proposed a hybrid procedure com-
posed of three phases. In the first phase, patterns are generated
and the “good” ones are selected and used to reduce the problem;
in the second phase, the residual problem is solved, if it exists;
and in the third, a pattern reducing technique of the literature is
applied [5]. A “good” pattern is one that completes totally the
demand of at least two items, and presents an acceptable waste.

Vanderbeck [16] proposes an exact algorithm by formulating
the problem as an integer quadratic linear programming problem
solved using a branch-and-bound column generation technique.
Computational tests performed by the author showed a deficiency
of his algorithm in solving large sized instances. On the other
hand, his algorithm was able to solve exactly several small sized
instances.

Cui et al. [1] present a sequential heuristic method for the
one-dimensional cutting stock problem minimizing waste and a
reduced number of patterns. It uses some parameters that mo-
dify the waste and number of patterns in the solution. Different
values for these parameters are tested and the best cutting plan is
kept. According to the authors the performance of their heuristic
method is better than the others in the literature with the advantage
of being simpler to implement.
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2 PATTERN REDUCTION PROCEDURE

In this section, we describe the Pattern Reduction Procedure
Grouping by Demand (PRPGD). In this procedure, we try to gene-
rate patterns that contain items whose demands are close, there-
fore, with these patterns, we can produce a “reasonable” amount
of these items, with the possibility of fulfilling their demands.

Let (Dmax) and (dmn) be the largest and the smallest
demand, respectively, in the original cutting stock problem.
If (dmn) < 3 then make (dmn) = 3. Consider the follow-
ing two disjoint intervals, I1 = [dmn, Dmax/2] and I2 =
(Dmax/2, Dmax].

Let ri > 0 be the residual demand of item i and (dmin)

the minimum residual demand. If (dmin) < 3 then make
(dmin) = 3. Initially, ri = di for i = 1, . . ., n.

Initially, only the items with large demands are considered,
that is, items i , i = 1, . . . , n, such that ri ∈ I2. Then, items
with demands in the interval I1 are considered. Afterwards, all
the items whose demands were not yet satisfied are considered.

For the set of items satisfying I1 and I2, patterns are genera-
ted by solving the following bounded knapsack problem

MAXIMIZE :
n∑

i=1

Ci yi (5)

SUBJECT TO :
n∑

i=1

li yi ≤ L (6)

0 ≤ yi ≤ Hi , yi ∈ N , i = 1, . . . , n (7)

where Ci = l2
i if li > L/2 and Ci = li , otherwise; yi is

the number of item type i in the pattern, and (Hi = bri/dminc).
For items not in the set considered, Hi = 0.

The frequency ( fP ) of a generated pattern Pj = [y1, . . . ,

yn] that satisfies the aspiration levels for the efficiency is given
by fP = minbri/yic, ri ≥ yi > 0; i = 1, . . . , n. Every
time a pattern is accepted, the residual demand of the items is
updated and the process of pattern generation is repeated.

When a pattern is not accepted, the process of generation of
patterns is repeated with the next set of items.

Patterns are generated until one is not accepted. If there
are still unsatisfied demands, a residual problem, based on the
ideas in Cui et al. [1], is solved where all the patterns generated
are accepted.

The aspiration level for the efficiency is determined taking
as reference the overall waste (α) of the patterns of the solution
obtained using Gilmore and Gomory’s procedure. The aspiration

level for the efficiency of a pattern is given by (naep = 1 − μ)

where μ = 0.8α.
A PRPGD heuristic method is summarized in the Appendix.

3 IMPLEMENTATION AND COMPUTATIONAL RESULTS

The heuristic method was implemented in C++, and the compu-
tational tests were performed in an Intel Core 2 Duo computer,
1.50GHz with 1GB RAM.

The computational experiment consisted in applying the
heuristic method to eighteen classes of instances, each one of
them with 100 test problems obtained using CUTGEN1, a random
generator of one-dimensional cutting stock problems developed
by Gau and Wascher [7], with the same seed (1994) adopted by
Foerster and Wascher [4] and Umetami et al. [15]. In these test
problems, item li , i = 1, . . . , n, is generated randomly in the
interval [v1L , v2L] for different values of v1 and v2; the standard
length L of the object is 1000 and the average demand db is equal
to 10 or 100. The classes combine different values of n, v1, v2

and db, as shown in Table 1.
The results of the computational tests are presented in

Table 2. In columns YLP and FWP the average number of ob-
jects and patterns obtained using the procedures of Yanasse and
Limeira [17] and Foerster and Wascher [5], respectively, are pre-
sented. In columns PRPGD, PRPGD 1 and PRPGD 2 the ave-
rage number of objects and patterns obtained with the heuristic
method proposed and two other variants are presented. In the
first variant, in the first phase, patterns are generated only with
demands in set I1; in the second variant, in the first phase, pat-
terns are generated only with demands in set I2.

The computational results in Table 2 suggest that PRPGD,
PRPGD1 and PRPGD2 are competitive comparative to the proce-
dures proposed by Foerster and Wascher [5] and Yanasse and Li-
meira [17], since the solutions they generate are not dominated. In
terms of the average number of objects, Foerster and Wascher [5]
procedure presented the best results. However, considering clas-
ses 9, 11 and 17, the PRPGD heuristic method has obtained better
solutions than that obtained by Yanasse and Limeira [17].

The average computational times of the heuristic method
(tPG PG D) are shown in Table 3. The execution times, tY L and
tFW , of the Yanasse and Limeira [17] and Foerster and Wascher
[5] procedures, respectively, were reproduced from their works.
The direct comparison of these times is not possible since they
come from different machines (the computational tests of Yanasse
and Limeira [17] were performed in a microcomputer Intel Ce-
leron, 266 MHz, 128 MB RAM and a workstation Sun Ultra 30,

Journal of Computational Interdisciplinary Sciences, Vol. 1(2), 2009



“main” — 2009/6/10 — 17:03 — page 162 — #4

162 A PATTERN REDUCTION PROCEDURE IN A ONE-DIMENSIONAL CUTTING STOCK PROBLEM BY GROUPING ITEMS ACCORDING TO THEIR DEMANDS

Table 1 – Characteristics of the classes.

class n v1 v2 db class n v1 v2 db

1 10 0.01 0.2 10 10 20 0.01 0.8 100

2 10 0.01 0.2 100 11 40 0.01 0.8 10

3 20 0.01 0.2 10 12 40 0.01 0.8 100

4 20 0.01 0.2 100 13 10 0.2 0.8 10

5 40 0.01 0.2 10 14 10 0.2 0.8 100

6 40 0.01 0.2 100 15 20 0.2 0.8 10

7 10 0.01 0.8 10 16 20 0.2 0.8 100

8 10 0.01 0.8 100 17 40 0.2 0.8 10

9 20 0.01 0.8 10 18 40 0.2 0.8 100

Table 2 – Average values of the solutions.

class
YLP FWP PRPGD PRPGD 1 PRPGD 2

objects patterns objects patterns objects patterns objects patterns objects patterns

1 11.56 3.31 11.49 3.40 11.58 3.36 11.58 3.36 11.58 3.26

2 110.4 6.95 110.25 7.81 111.85 5.30 111.88 5.28 111.82 5.41

3 22.17 4.96 22.13 5.89 22.20 5.22 22.27 5.10 22.27 5.36

4 215.98 10.32 215.93 14.26 217.73 8.04 218.01 7.95 218.17 7.90

5 42.99 7.63 42.96 10.75 43.06 7.69 43.15 8.29 43.19 8.16

6 424.89 13.31 424.71 25.44 427.40 12.79 428.31 12.64 428.41 12.34

7 51.69 7.66 50.21 7.90 51.68 7.63 52.24 7.56 51.80 7.68

8 502.23 9.62 499.52 9.96 516.44 9.82 519.84 9.75 520.00 9.77

9 99.49 13.64 93.67 15.03 98.04 13.41 99.41 13.36 99.08 13.52

10 948.41 18.21 932.32 19.28 990.04 17.44 1002.31 17.14 1003.03 17.16

11 195.67 24.60 176.97 28.74 185.77 24.25 191.45 23.35 190.91 23.55

12 1847.42 33.23 1766.20 37.31 1841.55 31.92 1942.35 30.06 1944.66 29.99

13 64.20 8.93 63.27 8.97 64.33 8.86 65.37 8.72 65.28 8.80

14 633.26 10.51 632.12 10.32 638.89 10.46 656.44 10.61 652.23 10.58

15 123.90 16.28 119.43 16.88 123.36 16.21 126.18 15.76 125.84 15.73

16 1197.66 19.89 1191.80 19.91 1226.89 19.52 1271.14 19.40 1270.76 19.51

17 244.02 29.76 224.68 31.46 235.51 29.36 241.46 28.11 241.34 28.09

18 2268.3 37.90 2242.4 38.28 2374.4 35.77 2459.86 35.65 2458.71 37.41

296 MHz 384 MB RAM; all procedures of Foerster and Wascher
[5] were implemented on an IBM-compatible 486/66 personal
computer using MODULA-2, under MS-DOS 6.0).

4 CONCLUSIONS

We presented a new heuristic method to solve the cutting stock
problem with a reduced number of different patterns. The heuristic
method it proposed tries to generate patterns with limited waste,
with different items with similar demands. The solutions obtained
with the new heuristic method were, in general, not dominated by

the solutions obtained by using two other usual methods. Chan-
ges can be introduced in the proposed heuristic method aiming
to improve its performance. One possible change is to define the
intervals for the demands dynamically, in each iteration, instead
of in the beginning of the process and varying their lengths.
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GONÇALO RENILDO LIMA CERQUEIRA and HORACIO HIDEKI YANASSE 163

Table 3 – Execution times.

class tY L tFW tPG PG D class tY L tFW tPG PG D

1 0.23 0.35 0.10 10 3.36 3.40 3.00

2 0.48 1.26 0.12 11 7.17 36.98 4.82

3 0.12 2.10 73.58 12 44.62 77.41 39.58

4 2.75 16.41 8.57 13 0.13 0.13 0.12

5 3.43 40.03 3.01 14 0.25 0.18 0.18

6 7.81 383.30 6.54 15 0.97 1.92 0.37

7 0.11 0.11 0.12 16 2.46 2.71 3.36

8 0.60 0.24 0.20 17 15.46 51.31 7.97

9 0.49 1.47 0.40 18 50.61 71.34 60.87

REFERENCES

[1] CUI Y, ZHAO X, YANG Y & YU P. 2008. A heuristic for the one dimen-

sional cutting stock problem with pattern reduction. Proceedings of the

Institution of Mechanical Engineers, v. 222, part B, Journal of Engine-

ering Manufacture, doi:http://dx.doi.org/10.1243/09544054JEM966.

[2] DIEGEL A, CHETTY M, VAN SCHALKWYCK S & NAIDOO S. 1993.

Setup combining in the trimloss problem – 3-to-2 & 2-to-1. Durban:

Business Administration, University of Natal. Working Paper. First Draft.

[3] DYCKHOFF H. 1990. A typology of cutting and packing problems.

European Journal of Operational Research, 44: 145–159.

[4] FARLEY AA & RICHARDSON KV. 1984. Fixed charge problems with

identical fixed charges. European Journal of Operational Research, 18:

245–249.
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Appendix

Heuristic (PRPGD)

Begin

Input : one-dimensional cutting stock problem
Output : solution for the problem with reduced number of patterns

(First phase)

do ri = di for i = 1, . . . , n.

Step 1 : Solve the relaxed cutting problem using CPLEX 10 and
determine the overall waste (α) of the patterns in the solution.
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Step 2 : Compute the aspiration level for the efficiency of a pattern:
naep = 1 − μ, where (μ = 0.8α).

Step 3 : Compute the largest (Dmax)and smallest(dmn) de-
mands for the problem. If (dmn) < 3 do (dmn) = 3. Do
dmin = (dmn).

Step 4 : Define the intervals of demands, I1 = [dmn, Dmax/2]
and I2 = (Dmax/2, Dmax] with I = I1 ∪ I2.

Step 5 : For i = 1, . . . , n, ri ∈ I2, make (Hi = bri/dminc),
otherwise, Hi = 0.

Step 6 : Solve the bounded knapsack problem and obtain the cur-
rent pattern :Pj = [y1, . . . , yn].

Step 7 : if (pattern satisfies aspiration level) then determine its
frequency fP = min

⌊
ri

/
yi

⌋
, ri ≥ yi > 0. Update the

demands, determine (dmin = min{ri }; i = 1, . . . , n), if
(dmin) < 3 do (dmin) = 3, and return to Step 5 .

Step 8 : For i = 1, . . . , n, ri ∈ I1, make (Hi = bri/dminc),
otherwise, Hi = 0.

Step 9 : Solve the bounded knapsack problem and obtain the cur-
rent pattern :Pj = [y1, . . . , yn].

Step 10 : if (pattern satisfies aspiration level) then determine
its frequency fP = min

⌊
ri

/
yi

⌋
, ri ≥ yi > 0. Update

demands, determine (dmin = min{ri }; i = 1, . . . , n), if
(dmin) < 3 do (dmin) = 3, and return to Step 8 .

(Second phase)

Step 11 : if (ri > 0 for some i = 1, . . . , n.) then

call the procedure to solve the residual problem

else go to step 12

(Third phase)

Step 12 : Establish the solution of the problem

Step 13 : Apply pattern reducing techniques to current solution

End

Box 1 – Procedure to solve the residual problem.

Begin

while (ri > 0 for some i, i = 1, . . . , n)

Step 1 : Determine (dmax = max{ri }) for i = 1, . . . , n

Step 2 : Determine H = max{k}, k = dmax, . . . , 2, such that
∑n

i=1 Gi li ≥ L ∙ naep, where (Gi = bri /Hc). If (no value

of H is determined) then H = 1 and Gi = ri . Generate a

pattern with these items types with Hi = Gi

Step 3 : Accept the cutting pattern and determine its maximum

frequency

Step 4 : Add the pattern to the solution

Step 5 : Update the demands and return to Step 1

End
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